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In this paper we give a sense to the distributional multiplicative product (6(zo —
lz])/|2|"=272)(8(xo0 + |x|)/|=|™~2/?). For the case n = 4 we obtain a formula which
is used for a perturbative calculation of Green function in quantum field theories. As an
application of our product, we show the calculation of the self-energy of the theory of A\¢®.

1. Introduction

Let P(xo,x1,...,2,_1) be any sufficiently smooth function such that on P =
P(zo,21,...,25,—1) = 0 we have grad P # 0 (which means that there are no singular
points on P = 0). Then the generdized function 6§~ (P) is defined in [3, p. 211] by

(8ED(P), ) = (1)1 / WED0, ug,. .., un—1) dug . ... dup_1, (1.1)

where
ug = P (1.2

and we choose the remaining u; coordinates (with i = 1,...,n — 1) arbitrarily except
that the Jacobian of the x; with respect to the u; which we shall denote by D(?) fails
to vanish (which is aways possible so long as grad P £ 0 on P = 0).

In (1.2),

W) = W(ug, ..., up_1) = p1D <z> (1.3)

w1(uo, Uty - -« Un_1) = ©(T0, 1, -+, Trn_1) (1.9

and the integral of (1.1) is taken over the P = 0 surface, where o(xg, z1,...,Tn_1) IS
an infinitely differentiable function with bounded support.

P(zo,x1,...,Tn-1) = 0 — |2/, (1.5)
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where

|z| = \/x%+ + a2 ;. (1.6)

From (1.1) we have

k—1
(6(k_1)(P),90)=(—1)k_1/ [ 0 {w(UO,UL---'Un—l)

-1
Ouyg

% D <z) H i dus . .. duy_y, 1.7)

ug = P, ul = 21, ey Up—1 = Tp_1. (1.8

where

Let us transform to polar coordinates defined by

Ul = Swi, U = SW2, ey Up_1 = SWn_1,
where
s:\/u%+-~—|—u%_1. (2.9
In these coordinates the element of volume is given by
dz = dzgdzy ... dz,_1 = dzgs™ 2dsdQ,, 1, (1.10)

where dQ,,_; is the element of surface area on the unit sphere in R"~1. Then equa-
tion (1.5) becomes

P(xo,x1,...,Tpn_1) = o — S. (1.11)

Now let us choose the coordinates of P, zg and the w;. In these coordinates
equation (1.10) becomes

dz = dzo(z0 — P)" 2 dsdQ,, 1.
Then we may rewrite the defining equation (1.7) in the form

(k—1) k-1 o5t n—2
(6 H(P), ) = (-1) /[W{gp(xo—P) }]P_ dQ,_i1dz. (112

Further, if we transform for P to s = 29 — P and note that 0/0P = (—1)0/Js
we may write this in the form

k—1
(6% (wo — |]), ) = / [%{wn_z}] dQn1 o (113)
s=xg

Let us now write

W(zo, s) = /Q pdQ,,1, (1.14)
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which transforms (1.13) to the form

B 00 ak—l B
(6(1C 1)(330— |a:\)<p) :/0 [W{W(xo,s)s" 2}} dzo. (1.15)
To=S
Similarly, for

P(zo,x1,...,Tn-1) = zo + |2/, (1.16)

from (1.1) and (1.3) and considering (1.7) and (1.9) we obtain

B B —00 ak—l .
(6% (2o + |2), @) = (-1) 1/0 [W{W(:ﬁo,s)s 2}] dzro. (1.17)

S=—x0

2. The generalized functions (zo — ||)} and (zo + |=])*

We define the generaized function (xzq — |a:\)ﬁ‘r, where X is a complex number,

by
(20— l2), ) = / (2o — |]) o] d, 2.1
zo—|z|>0
where
zo— |z =x0— (/T2 + -+ 22, (2.2
z = (x0, 21, .., ZTp_1) and dz = dzodzy ... dz,_ 1.

For ReX > 0, this integra converges and is an analytic function of A. Analytic
continuation to Re A < 0 can be used to extend the definition of ((zo — |z[)}, ¢).

From (2.1) and considering the transform to polar coordinates (see equation (1.9))
we may rewrite equation (2.1) as

(%—J;%' gp) B L0_820($0 — ) p(wo, sw)s" 2 2 drgdwds.  (23)
Putting
W(zo, s) = /g)«p(a:o, sw) dw, (2.4)
we have
(%’ SO) - /ooo/oxo(xo — s W(xo, 5)s"" 2/ ds duo. (2.5)

From (2.5) we have

_ A oo fTo
M’ o= (w0 — 8) W(x0, 5)s" /2 ds dao. (2.6)
2|22 o Jo
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W(zxg, s) is an infinitely differentiable function of zq and s with bounded support.
We now make the change of variables

s = xol 2.7)
in the integral (2.6), writing
W(xg, s) = W1(xo, zof) (2.8)
to obtain
Cﬁ?lfig% 9”) B /000/01 1o AL = MO AWy (2o, o) dl o, (29)

This equation shows that ((zo — |2[)2 /|z|"~2/2, ¢) has two sets of poles. The
first of these consists of the poles of

1
G\, z0) = / (1 — )M=Y, (0, zol) L. (2.10)
0
Taking into account that [3, p. 49]
(k-1
PR i (*)
Res (h9) =y (211
k=12,...
from (2.10) we have
(—DFtrot (n—2)/2
AIZG_& G\, x) = ) [(%k_l {e Wi (o, z00) } L (2.12)
k=12,..
On the other hand,
(zo — |z)} ® An/2
(W, @] = /o fIfO G()\, .Z'o) dmo (213)

may also have poles. Thisoccursat A = —n/2—-1,—n/2-2,....
At these points

(330 — ‘fL‘Di ) 1 |: ) n .
Res <— o) = |GU D=5 = j, 20 : (2.14)
)\:__féz_j |x|(n—2)/2 (j — 1)' 2 20=0

Consequently, ((zo — |z[)} /|z| =272, ) has two set of singularities, namely,
A=-1,-2,... (2.15)
and
A= =5 -Ll-5 =2 =5 —j j=12.... (2.16)
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Let us now study the case when

A=—k, k=12,..., (2.17)
and
no.

)\;é—i—], j=12...; (2.18)
this is always the case when the dimension » is odd but is also true if n is even and
k<n/2+ 1.

Let us write (2.10) in the neighborhood of A = —Fk in the form
Go(x
G\, xo) = % + G1(\, xo), (2.19)
where
Go(zo) = Res G(A, o), (2.20)

and G1(\, xg) isregular a A = —k.
Inserting this into (2.13), we obtain

<|3;|(n——2)/2190 = —>\ Tk A L GO(ﬂfo) d$0+/0 Tg G]_()\,:L‘o) dxo. (221)

Under the assumptions we have made concerning A, the integrals in (2.21) are
regular functions of \ a A\ = —k. Therefore ((zo — |z[)} /|=|™~2/2, ¢) has a simple
pole at such a point and

zo — |z/)} o
es <(|;|(n—‘2)|/)2+’(‘0> :/0 g/ * Go(wo) dao, (2.22)
k=12....

where for £ > n/2 + 1 the integral is understood in the sense of its regularization
(see [3, chapter |, section 3)]).
Inserting equation (1.12) for Go(xo), we arrive at

(w0 — |z))} I G A Sayr s
A5§€< o[22 Y ) = (k — 1) /o Yo

ak—l
X [M_l{ﬁ(”—”/zwl(xo,xo@}] dzo, (2.23)
/=1

where Wy (g, 2of) is defined by (2.8).
Note that if we write zof = s, we obtain

|: ak—l

_qyk-1
ork—1 {g(n_z)/zwl(mo.xof)}} :aﬁg_l_"/ZH( 1

=1 (k —1)!
|: ak—l

W{s(”—2>/2w1(xo,s)}] , (2.24)

s=x0
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so that we may rewrite (2.23) in the form

(xo—|z)) \ _ (=DF?
: < e ”’”) NG

o] ak—l
x /0 [_ask_l{s(n—z)/zwl(xo,3)} dro. (2.25)

s=xo

Let us now study (zo + |z[)*. We define the generalized function (zo + |z|)*,
where X\ is a complex number, by

((330 + |:U|))_\1<P) = / (—(330 + |x|)))‘<p(3:) dz. (2.26)
—(zo+|z[)>0

Asin case for (zg — \x|)i we arrive at the following result analogous to (2.9)
and (2.10):

A —00
ot W ) = [ (Cao /260, — o) oo, 227)
|z|(n=2/2 0
where

1
G\, —z0) = / (1 — OMO=D2W, (29, —z0f) dP. (2.28)

0

From (2.27), (2.28), considering (2.11)—(2.14), we have
R T Y

)\R_’e_s; G()\, —ZEO) = m W{E l'IJ]_(ZL‘O, —33'06)} i (229)

=12,

and

(wo+|z)X \ _ 1 [ onf n .
,\:_Rf/sz_j<|x‘(ni—2)/2'¢) = (—1)(]. — )1 [G ! <_§ —L—xo)Lozo. (2.30)

Also ((zo + |z|)* /|2|("=2/2, ) has two sets of singularities,

n n
A=-1-2. . ad A=D1 D o
an 2 2

and considering equations (2.19)—(2.24), we arrive at the following result analogous
to (2.25):

(2.31)

<(33o+ 2 )_ (~1y~*
2272 ) T G )

—00 aj—l
X / [W{s(n—a/zwl(xo, s)} dzo. (2.32)
0

s=—xo
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Putting £k = 1 in (2.25) and j = 1 in (2.32), we obtain

(w0 — \95|)3\r Y (n—2)/2
)\F\;(isl <|;L‘|(n—_2)/2’ @ = /0 [8 l'IJ]_(ZL‘O, S)] s=g dﬂi’o (233)
and
(xo + |=[)? I B
)\Be_sl<W, Q| = /c; [S qJ]_(.Z'o, S)] - dxo. (234)
On the other hand, from (1.15) and (1.17) we have
6(xo — |z]) Y (n—2)/2
(W’ Q| = /0 [W((Eo, S)S ] s=x0 dS (235)
and
(w0 + []) - (n—2)/2
<|x|(n—_2)/2, @ = A [Lp(ﬂi'o, 8)8 / ]S:—fEO dS. (236)
From (2.35) and (2.36) and considering (2.33) and (2.34) we obtain
(xo— |23\ (8o — |zl)
f‘fﬁ( z|n=2/2 P = 2|22 P (2.37)
and
(zo + |z))* (0o + |x])
Ee_ﬁ( |z|(n—2)/2 R || (n—2)/2 Sk (2.38)

Summarizing, we have the following. For odd n and for even n if k < n/2+1, the
generdized functions (o — |2[)} /|2|"=2/2 and (xo + |z|)} /|2|*~2/2 have smple
polesat A= —k, k=1,2,..., and the following formulae are valid:

(wo — |z} _ 8o — |z))

)\F\:)(isl 2|22 T |z|n2)/2 (2.39)
and
(wo + 22 6(wo + |z))
A1 [o|m=22 T [y 272 (2.40)

3. Thegeneralized function (z3 — |z|?)*

We define the generalized function (z3 — |z|?)?, where X is a complex number,
by

(23— |2)* ) = / (— (23 — |21)) p(z) da, (31
—(z8—|x»)=0
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o~ =af—af—af— - —ah_y, (32)
x = (x0,21,. .., ZTp_1) and dz = dzodxy ... dz,_ 1.
For Re) > 0, the functional ((x3 — |z|%)?, ¢) corresponds to the function
2 2\ (—(@§— |z if 2§ —[z]* <0,
_ - 3.3
(% =] )_ {O if:z:(zJ—|3:|>0. (3.3)

From [3, p. 253], we know that integral (3.1) converges for ReA > 0 and is an
analytic function of \.
Analytic continuation to Re A < 0 can be used to extend the definition of ((z3 —

22, 9).
Now proceeding as in section 2, we obtain

3:2 — | 2 )_‘ xz . 2\
(") = v s
] —23+|x[20 |z|
oo S 2 2\
:(_1)A/ / %—_Sz)w(xo,s)s"_z dzods
0 0

_(c1 /0 - /0 (02— 52) W(ao, ) dio ds, (3.4)

where W(xo, s) is defined by (1.14).
We now make the change of variables

]

u = 3:(2,, V=38 (3.5
in the integral of (3.4), writing
W(xo, s) = W1(u,v) (3.6)

to obtain
2 2\ )\ 1 oo U
<—(x0‘x|7|i‘2 )_,<P> = Z/o /o (—u+ o) Wy(u, v)o Y202 dudv. (3.7)
Finally, we write u = vt, which transforms (3.7) to the form
2 1.2\ o0
(M 90) - / PO, v) do, (39)
||™ 0
where
1 1
O\ v) = / 1 — )M Y2y (vt v) dt. (3.9)
0

This equation shows that ((z3 — |z|%)? /|22, ) has singularities at
A=—j, j=12.... (3.10)
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Let us write (3.9) in the neighborhood of A = —5, 7 =1,2,..., in the form

D\, v) = f‘f;). + D1(\, v), (3.11)
where
Po(v) = )\ReS' P\, v) (3.12
=—J

and ®y(\,v) isregular at A\ = —j.
Inserting this into (3.8), we obtain

2 2\ )\ 1 [e9) [e9)
((xﬂ#"ﬁ) S / W Po(w) ch + / PO )i (313)
| +7.Jo 0

Each of the integra in (3.13) has a simple pole at this value of .

Therefore ((z3 — |2|)} /|z|"~2,¢) has a pole of order two a \ = —j, j =
1,2....

In the neighborhood of such a point we may expand (z3 — |z|?)? /|z|"~2 in the
Laurent series

0 A B
= 3.14
@ o A (519
From (3.13) and (3.14), we have
2 2\A o0
H .2(33'0—|33'| )— . j T / A
Allqm_j<(A+y) T .so> =(49) = lim (A+) v o) du
) q)(i—l)(o)
_ A _ o Y
= )\Fie_sj ) v Pp(u) du = G (3.15)
71=12,...
Putting 7 = 1 in (3.15) and considering (3.9) and (3.12), we have
2 2\ )\
. o (5 — |2]9)2 1
AIl>rr_11((>\ +1) 2 ,(p) = (A%, p) = Do(0)

1
_ Res T / (1 — )M 2W(0,0) dt. (3.16)
A=-14 Jg

But

1 B 1 T r(\+1r(/2)
oA 12 4 oaA1-1,1/2-1 4,
/0(1 't dt_/o(l ) A dt_r(A+1+1/2)’ (3.17)

and from (3.6) and (1.14),

W,(0,0) = W(0,0) = / 0(0...0)dw = Q,,_1¢(0), (3.18)
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where
2r(n—1)/2

T (-1

From (3.16) and considering (3.17)—3.19), we have

— |z[?)* 1 gn-1/2
’)ZEHm—nm)

We take account that ([1, p. 344])

=™

m!

Qno1 (3.19)

Ji n_11<(>\ +1)2 (5 o0 RsT(\+1).  (320)

]

Res I'(z) = form=012.... (3.21)

From (3.20), we have

2 1 2)A (n—1)/2
(3 mn_’>_1 " 62

: 2\0 M /= - -
JL”L(“ 0 %) Tt m PO
or, in other words, we obtain

— \x|2)i> 1 m(n=1/2

. (23
)\I_|>n_'ll<(>\ + 1)2 0 = Er((T]_)/Z)éCBO, Ty .- ,.QTn_l). (323)

|x|n—2

4. Themultiplicative product of §(zo — ||)/|z|"*~2/2 and 6(zq + |z|)/|=|—2/2

For ReA > 0, the functionals ((zo — |z[)}, ¢) and ((zo + |z|)}, ¢) correspond to
the functions

A (xo — |z|) if 2o — |z| >0,
_ - 4.1
(a;o m)* {0 if xo—|z| <O, (4.1)

and
A _ [ (—(wo— =) if o+ 2] <O,
= 4.2
(:130+|3:|)_ {0 if zo+ |z| > 0. (4.2
From (4.1) and (4.2), we have

(w0 — |21)} (20 + [2])* = (a8 — |2/P?, (4.3)

where (z3 — |=|)? is defined by (3.3).
From (2.39) and (2.40), we obtain the following theorem:

Theorem. Let n be dimension of the space, then the following formula is valid:

8(zo — |a]) 6(xo + |z) _ 1 D2
jx|n=2/2 |z|=2/2 2T ((n - 1)/2)

6(xo, 21, .., Tp_1). (4.9
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Proof. From (2.39) and (2.40), we have

6(wo — [2]) 6(wo + [2]) (o — |z])} (o + |z])2
(D2 (gD A D2 e [4|e-D)2
L (zo— |z} . (o + [z)?
- )\I_I,n_]lo\ + 1) |x|(n—2)/2 ,\I_',njlo‘ + 1) |x|(n—2)/2
IO A
e N Gl e G L | (4.5)
A——1 |33'|n_2

From (4.5) and (4.3) we have

8(xo — |x|) 6(zo + |x|) o 2(3% _ |x\2))_‘
( 2022 pear ?) T IM (AR ) (48)

From (4.6) and considering (3.20), we obtain

Owo — |o) dao t]al) ) _ 1 02
o272 afe272 7 ) T 2T (- D/2)

©(0). 4.7)

From (4.7) we conclude

6o — |z) 6(xo + |xf) 1 -1y 1
o[ D2 |22 2 r(n—10/2)

In particular if n = 4, from (4.4) we obtain

(5<xo— \/azf—l—x%+$§> 5<xo—|— \/x%+x%—|—x§)

r r

6(zo, 1, .., Tn_1). (4.8)

= m6(wo, 71, T2, 23)
or, equivalently, multiplying the above equation by the factor 1/2 we obtain
6(wo— y/o? +a3+a3 )8 (zo+ a3+ 93 +93)  5u0— (o + 1)

22 2r?
T
= E(S(:l?o,l’l,l’z,J?S)' (49)

Wherer:\/a:%—l—m%—i-mg. O

The generalization of this result was inspired by formula (4.9) which could be
applied for a perturbative calculation of Green function in quantum field theories.

5. Application

Using this product together with the result showed in [2], one can compute, for
instance, the self-energy corresponding to a theory A¢®.



160 M. Aguirre Télez / The multiplicative product

The Langrangian of this theory is
1 A
= Z9H Zot
L 26 P09 + 4gb .
In the metric (1, —1, —1, —1), the propagator is

1 Ly —1
A(m)zﬁ(xz—IO) , 2% = a3 — 2% — x5 — a2

Taking into account our result and [2], we get

1 | CN—1 1 L N2
AZ(ZE) = W(JTZ — |0) (33'2 — |O) = W(JTZ — |0) .

This result corresponds to the knot which appears in the theory of self-energy:

In this case, the self-energy becomes

. )\ 2 2 . )\ 2 1 2 s -2
>0 =(3) ¥@=(3) gl -0
This way we obtain a known result directly, applying product of propagators.
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